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Nonlinear system

» Consider a discrete time nonlinear time-invariant system descibed by
the nonlinear difference equation

X1 = Xk, ug)

Without loss of generality, we can assume (0,0) is the desired
equilibrium with 0 = £(0,0).
» System is subjected state and input constraints

xxk€X, uel

» Assume full state measured
» Objective is to drive the system to its origin

2/32



Nonlinear MPC

N—-1

Vi (x(t)) = min > €0x, uk) + Ve(xn)
k=0

S.t. Xk41 = f(Xk-l-Uk), k=0,1,...
xx €X, ucel, k=0,1,...

x0 = x(t)
xy € Xr

» MPC control law 7(x(t)) = ud

)

)

N—-1
N—-1
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Recap: Linear MPC — QP

We converted the linear MPC into a standard QP

N—-1

T T T
min xy Pxy + g X Qxx + ux Rug
w

k=0

s.t. Xk41 = Axk + Buy, k=0,1,...,N—1
Dxx + Eux < b, k=0,1,...,N—-1
Dyxn < by
xozx(t)

=

Two approaches:
» Dense condensed (reduced-space)

» Sparse non-condensed (full-space)

min %WTHW +h'w

st. Flw—f =0,
G'w—g<o0
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Nonlinear MPC — NLP

We need to convert the nonlinear MPC into a standard NLP

N—-1

mWin Xy Pxn + Z x4 Qxx + uy Ruy
k=0 min ¢(w)
s.t.xk+1:f(xk7uk), k=0,1,...,.N—-1 = v
g0, ) <0, k=01,... N—1 st.g(w) <0,
<y € Xr h(w) =0
xo = x(t)

We will look at one approach called, multiple shooting, which is analogous to
the full-space transcription.
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Continous time model

Modelling system dynamics from first princples results in continous time
Ordinary differential equations (ODE)

» A continous time linear system x = A.x + B.u can be converted to
X1 = Axk + Bug

using exact discretization

» A nonliner ODE of the form x = f.(x,u) must be converted to a
nonlinear difference equation

Xk+1 = f(Xk, Uk)

using integrators.
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NLP transcription

Decision variables: w = [xo, ug, X1, U1, -

T
<o s XN—1, UN—1, XN]

‘\1»
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NLP transcription

Decision variables: w = [xo, tio, X1, U1, - - -, XN_1, UN—1, Xn] |

. . . . . ) » X is a decision variable that
to gl 2] ts by ts L.
Y. ) the optimizer can choose
. // : 4 » But xx;1 must be given by the
0 - o2 Tl us) integrator
0 i P 3 s s
X1 — F(Xi, ui)= 0,
uy U.
) k=0,...,N—1
] Enforce this as equality
Up Uz . .
. : 7 : : . constraints in the NLP
t
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Integrators
Consider the ODE with defined initial conditions x(0) = xo
x(t) = fe(x(t), 1), te[0,T]
» Forward Euler

Xkt1 = Xk + At fe(Xk, tx)
— ———

x = —Kx
=f(xx) 1
» 4th order Runge-Kutta \
1 05—::':_"\
Xk4+1 :Xk+6(k1+2k2+2k3+k4) i\
=f(x) PN
ki = At ﬂ(xk, tk) or
k At
k2 = At fc(Xk + ?1, tk + 7)
k At % 02 04 06 08 1
ks = At fo(xi + ?2 to+ ) Tie

ka = At fo(xx + ks, tx + At)
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Nonlinear MPC

Decision variables: w = [xo, to, X1, U1, - - -, XN—1, UN—1, Xn]

N—-1
VN(X(t)) = mWin Z ((Xk7 Uk) + Vf(XN)
k=0
s.t. Xk+1:f(Xk,uk), k=0,1,....N—-1
xx €X, uc€lU, k=0,1,...,N—1
xo = x(t)
XN € Xf

» MPC control law 7(x(t)) = u}

How to design a nonlinear MPC such that the equilibrium point is
asymptotically stable under the MPC control law?
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Nonlinear MPC design

Al. Assume continuity of system and cost
The functions f : X xU - R", {: X xU — R,
Vs : Xr — R>g are continuous, and

£(0,0) =0, £(0,0)=0, V;(0)=0

A2. Assume properties of the constraint sets
The set Z := X x U is closed. U is compact and is uniformly
bounded in X. The set Xr C X is compact, and each set
contains the origin.

Under assumptions Al and A2, we can guarantee that a solution to the
optimal control problem exists.
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Intermezzo: Stability theory

» For physical systems that does not
generate energy internally and with no
external input, one would expect the
system to naturally reach some kind of rest
configuration asymptotically, simply
because its energy will be dissipated.

» The idea of Lyapunov was to adopt such
energy-like functions also to test stability
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Comparison functions

» A function « : Roy — Ro; is said to be positive definite if its
continuous «(0) = 0 and a(x) > 0, Vx > 0

» A function « : Roy — Roy is said to be class K if positive definite
and increasing.

» A function « : Roy — Ry is said to be class K, if class £ and
unbounded.

» A function A\ : Ro; — Roy is said to be class L if continuous,
A(0) > 0, decreasing , tlim A(t) =0.
—00

» A function 3 : RS+ — Roy is said to be class KL if continous, and
B(-, t) is class £ Vt > 0, and 3(x, ) is class L ¥x > 0.
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Comparison functions

+ve def

v
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Lyapunov stability framework

Suppose X is a positive invariant set for xT = f(x), a function
V :R" — R is said to be a Lyapunov function in X for x* = f(x), if

» There exists functions ay, ap € K such that

V(x) = aa(|x])
V(x) < aa(|x])

i.e., V is upper and lower bounded.

» There exists a postive definite function az such that for any x € X
V(f(x)) = V(x) < —as(|x])

i.e., V is decreasing if it is not at the origin.
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Lyapunov Stability theorem

Suppose there exists a Lyapunov function in X for the system x™ =
f(x), then the origin is asymptotically stable in X for x™ = f(x).

» if XY C R" - Locally asymptotically stable
» if X = R" - Globally asymptotically stable

If in addition, there exists some positive constants ¢; and a for
i =1,2,3 such that a;(x) = ¢j|x|?, the the origin is exponentially
stable.

Back to MPC design: show the existence of a Lyapunov function for the
closed loop system under the MPC control law.
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Nonlinear MPC design

N—-1
Vn(x(t)) = min Z Ui, u) + Ve(xn)
k=0
S.t.Xk+1:f(Xk—|—uk), k=0,1,....N—1
xx €X, uc€lU, k=0,1,....N—1
xo = x(t)
xy € Xr

*

» MPC control law w(x(t)) = u§

» The idea is to show that the value function Vj(-) is a valid
Lyapunov function for the closed loop system

xT = f(x,7(x)), Vx € Xreas

» First, we must show that X,s is postivitely invariant = recursive
feasibility
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Nonlinear MPC design

For stability and recursive feasibility, we need to design the terminal cost
and terminal set carefully.

Design terminal ingredients that satsfies the followiung assumption

A3. Basic stability assumption

Ve(-), Xf, and £(-) are designed to have the following
properties
» For all x € X¥, there exists a feasible u satisfying
f(x,u) € Xf
Vi (f(x, 1)) = Vi(x) < —l(x, u)

» there exists a1(-), ar(-) € Ko satisfying

(x, u) = oa(|x|) Vx € Xreas
Vf(X) < Oéf(|X|) Vx € Xr
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Recursive feasibility

» Take any x € X, solving the MPC problem returns the optimal
input and state sequence

{u§,uyy ... uy_1} and {x,x7, ..., xj_1, Xy}
with xy € Xf
g oooup U3 Up-1
x x5 X1 X
uy u3 Uy_y ueld
R T Ky o)

» The successor state is given by x™ = f(x, uf) = f(x, 7(x))
» The new optimal input and state sequence given by
{UIT’ R u;:l—lv U} and {X+7X;a e 7XI>\kI—17XI>\kI7 f(XITIa U)}

is hence feasible.

» Hence x* € Xg.s. Since x € Xpas was chosen arbitrarily, Xe.s is
positively invariant for x* = f(x, 7(x))
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NMPC stability

Basic stability assumption (A3) says that the terminal cost V¢(x) is a
Lyapunov function within the terminal set X¥, i.e., for x € A%, it satisfies

Xfeas &
Ve(f(x, u)) — Ve(x) < —L(x, u)
((x,u) > s (|x]) .
Ve(x) < ar(Ix])

To show closed-loop system is stable with region of attraction X5, we
need to show that the value function satifies:

L. Vin(x) > ax(]x])
2. Vn(x) < ax(|x])
3 V() - V() = —a(lx)
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1. Lower bound

» The value function Vy(x) > ¢(x,7(x)) for all x € Xeas

» Since £(x, u) > ai(]x|) for all x € Xras and feasible input (A3), we
have
Viv(x) = aa(|x])
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2. Upper bound

If Xr contains an interior, we can establish the upper bound

» From Basic stability assumption (A3), we have
O(x,u) < Vr(x) = Ve(f(x,u))

» Taking a telescoping sum, we get

=

-1

(X, uk) < Vr(x0) — Ve(xw)

=2
>
Il

- (X, u) + Ve(xn) < Vir(x0) < ar(]x])

»
i

=VN(X,EI)
» Since the MPC policy can only do better than the local control law

Viv(x) < Vin(x, &) < Vi(x0) < ar(|x])

22/32



2. Upper bound (via weak controllability)

If Xr does not have an interior, we can assume the upper bound

» Weak controllability assumption: For all x € Xz, there exists
as € Ko such that
Vin(x) < ao(|x])

» This assumption states that states x can be steered to Xr and the
ost of doing so is not excessive.
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3. Descent condition
» For any x € Xfp.s, solving the MPC problem returns the minimizing

sequence

uy = {ug, uy, ..., uy_q} with cost Vy(x)

M *
with x5 € Xr
ug uy u3 Uy
x Xy X5 XN-1 XN
u; u uy_, ueld
xt X o1 xy flxu)

» The successor state is given by x™ = f(x, uf) = f(x, 7(x))
» At the next time steo, MPC yields the minimizing sequence

uerr = {ug,ui, ..., uy_q} with cost Viy(x)

» But let’s consider any feasible sequence, with the last term replaced
with a feasible input

o= {ug,uy, ..., u} with cost Vy(x*, i)
» Since &1 is suboptimal,
Vn(x*) < Vin(x", )
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3. Descent condition

* *

Yo Uy Uz Un—1
x X4 X3 XN_1 X
u Uy ueld
% S ()

*

Vin(x) = £(x, m(x)) + €0x, ur) + L0z, u3) + - -+ L0xn—1, un—1) + Vr(xw)
Wn(xt, i) = Uxg,uy) +0(xa,uz) + -+ l(xy_1, UnN_1)
+ (xn, u) + Ve(f (xn, 1))
» Cost decrease
Vn(x™, &) — Viv(x) = €(x, u) + Ve(f(x, u)) = Ve(xy) —€(x, (x))
<0
Vn(xh) < W(xT, 1) = Viy(x) — £(x, 7(x))
Va(x+) = Vi(x) < —(x, 7(x))

» Since {(x, u) is positive definite,

Vi(x") = Vin(x) < —an(|x])
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Do we really need a terminal constraint set?

Recall the two terminal ingredients: the terminal cost V¢(xy) and the
terminal constraint xy € Xf.
» Adding the terminal cost Vf is cheap: just an extra term in the
objective, it does not change the structure of the OCP.
» Adding the terminal constraint xy € X is a state constraint, which
» makes the optimization harder (extra, often nonlinear, state
constraint),
» shrinks the feasible set Xr.s,
» requires computing X5 explicitly — difficult for nonlinear systems.
» Without state constraints one can establish continuity of Vy(-) =
inherent robustness.

Can we drop the terminal constraint xy € X7 and still guarantee
asymptotic stability?
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Eliminating the terminal constraint: the idea
Idea: keep the terminal cost, drop the terminal constraint, and instead
restrict the initial state to a sublevel set of the value function. The
terminal constraint is then satisfied implicitly.

>

>

Let the terminal set be a sublevel set of V¢:  Xf = {x: Vf(x) < a},
a>0.

Terminally unconstrained MPC with terminal weight 5 > 1:

N—-1
Vn(x(t)) = min > €0x, u) + B Ve(xn)
k=0
S.t. Xk41 = f(Xk,Uk), k=0,...,N—1
xx €X, uc€el, k=0,...,N=-1
Xo = X(t) (no XN € Xf)

A3 still holds (V¥ is a local CLF on Xf). [ =1 recovers the plain
unconstrained problem.

MPC control law #(x(t)) = ug.
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Implicit terminal constraint: entering the terminal region

Extra assumption (A4): the stage cost is bounded below outside X,

Ux,u)>d >0 Vxe X\ X, uel.

Lemma (entering the terminal region). Let {x§,...,xy} be the
optimal state trajectory of the terminally unconstrained problem.
If x5 ¢ Xr, then x ¢ X¢ forall k=0,...,N—1.

Budget argument. If x5, ¢ Xr, then every stage is spent outside Xr
(¢ > d) and V¢(x3) > a, hence

Vin(x) = Ox;, ul) + B Ve(xy) > Nd+ Ba.

A

Contrapositive: ~ Viy(x) < Nd + fa = x5 € Xr  (terminal constraint
holds implicitly).
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Stability without a terminal constraint

Define the sublevel set of the value function

My :={xeX: VN(X) < Nd + Ba}.

Theorem. Under A1-A4 with Xy = {x : V¢(x) < a}, the origin is
asymptotically stable for the closed-loop system x™ = f(x, #(x))
with region of attraction 'y, and Iy is positively invariant.

» For every x € 'y, the optimal terminal state lies in Xr (implicit
terminal constraint).

» Hence on Iy the problem behaves exactly like the terminally
constrained one = the earlier Lyapunov analysis (lower bound,
upper bound, descent) carries over to Vi ().
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Role of the terminal weight 3 on the region of attraction

The region of attraction 'y = {x: \7N(x) < Nd + (Ba} depends on the
terminal weight .

» Monotonicity: 'y grows with 8, (1 < 6 = Ff/l C Fff.

» Reachability: for any x that can be feasibly steered into the interior
of Xy, there exists a 8 large enough such that x € I'y.

Intuition: a larger B penalizes the terminal state more heavily = the
optimizer works harder to steer xy into X5 = the
implicit-terminal-constraint region 'y enlarges.
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Role of the terminal weight 3 on the region of attraction

» [ is a tuning knob: increasing 3 enlarges the region of attraction
(towards the maximal stabilizable set), at the cost of a heavier
terminal penalty.

X

Xr = {x: V¢(x) < a}

My = {x: Vn(x) < Nd + pa}
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Is a terminal constraint necessary?

» For stability: not necessary — keep Vs (scaled by 3) and restrict
xo € [y; the terminal constraint holds implicitly.

» Benefits: easier optimization, larger and simpler feasible region,
continuity of Vjy(-) = inherent robustness.

» Caveat: Iy is characterized only implicitly; if nested feasible sets /
standard recursive feasibility are required, a control-invariant
terminal constraint is necessary (Mayne, 2013).

Summary: the terminal cost drives stability; the terminal con-
straint can be replaced by the implicit constraint xg € 'y, with 3
controlling the size of the region of attraction.
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