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Sensitivites of implicit functions

▶ Consider a function given by

x2 + y2 = 1

▶ Here y is not given as an
explicit function of x

▶ But for certain values of x ,
there exists corresponding
values of y

▶ Express this as F (x , y(x)) = 0

x

y

How does y change, when x changes?
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Sensitivites of implicit functions

Implicit Function Theorem
∂F

∂x
+

∂F

∂y

∂y

∂x
= 0

d

dx
(x2 + y2 − 1) = 0

2x + 2y
∂y

∂x
= 0

∂y

∂x
= −x

y

x

y

dy

dx
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Implicit Function Theorem

For a function F (x , y(x)),
▶ if there is a solution to F (x , y) = 0 around some point (x0, y0)

▶ if ∃∂F
∂y ̸= 0 at (x0, y0)

then there exists a unique differentiable function y(x) near x0 such that
F (x , y(x)) = 0.

Applying the chain rule to differentiate F (x , y(x)) = 0 with respect to x :

d

dx
F (x , y(x)) =

∂F

∂x
+

∂F

∂y

∂y

∂x
= 0.

4 / 21



Parametric NLP

min
x

(1 − w1)
2 + 0.2(w2 − w2

1 )
2

s.t. w1 ≥ 0,(p

2

)2
≤ (w1 + 0.5)2 + w2

2 ≤ p2.

p = 1
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1 )
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2

)2
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p = 1.8571
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2

)2
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2 ≤ p2.

p = 2.0714
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Parametric NLP
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Parametric NLP

Consider the parametric NLP problem, where we want to solve the
problem for a given “exogenous” parameter p ∈ Rnp

min
x

f (x, p)

s.t. h(x, p) = 0
g(x, p) ≤ 0

Solution x∗ is an implicit function of parameters p, i.e.,
x∗(p) : Rnw → Rnp .

We would like to know...
▶ Is x∗(p) continuous and differentiable?
▶ What does x∗(p) tell us about x∗(p +∆p)
▶ How to keep track of x∗(p) for continuously changing p?
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Parametric NLP - KKT conditions

L(x, λ, µ, p) = f (x, p) + λTh(x, p) + µTg(x, p)

▶ The KKT conditions can be expressed as:

φ(s(p), p) :=

∇L(x, λ, µ, p)
h(x, p)
gA(x, p)

 = 0

µA > 0, µĀ = 0, gĀ(x, p) < 0

▶ Primal-dual solution vector s∗(p) := [x∗, λ∗, µ∗]T.
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Is x∗(p) continuous and differentiable?
Assume
LICQ, SOSC, and strict complementarity

xi

Lρ(xi , pi )

pki

x∗i (p
k
i )

pki +∆p
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Is x∗(p) continuous and differentiable?
Assume
LICQ, SOSC, and strict complementarity

xi

Lρ(xi , pi )

x∗i (p)
pki

x∗i (p
k
i )

pki +∆p

∃ a continuous and differentiable solution manifold s∗(p) that is an implicit
function of p .

Fiacco, Math. Prog. (1976)
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What does x∗(p) tell us about x∗(p +∆p)

xi

Lρ(xi , pi )

x∗i (p)
pki

x∗i (p
k
i )

pki +∆p
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What does x∗(p) tell us about x∗(p +∆p)

xi

Lρ(xi , pi )

x∗i (p)
pki

x∗i (p
k
i )

pki +∆p

s∗(pk+1) = s∗(pk) +
∂s∗

∂p
(pk+1 − pk) +O∥∆p∥2
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What does x∗(p) tell us about x∗(p +∆p)

Computing sensitives
Implicit function theorem on the KKT conditions: φ(s(p), p)

∂φ

∂p
(s(p), p)

∣∣∣∣
p=pk

=
∂φ

∂s︸︷︷︸
:=M

∂s∗

∂p
+

∂φ

∂p︸︷︷︸
:=N

= 0

∂s∗

∂p
= −M−1N

s∗(pk+1) = s∗(pk) +
∂s∗

∂p
(pk+1 − pk) +O∥∆p∥2
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What does x∗(p) tell us about x∗(p +∆p)

∂φ

∂p
(s(p), p)

∣∣∣∣
p=pk

=
∂φ

∂s︸︷︷︸
:=M

∂s∗

∂p
+

∂φ

∂p︸︷︷︸
:=N

= 0

φ(s(p), p) :=

∇L(x, λ, µ, p)
h(x, p)
gA(x, p)

 = 0

M :=
∂φ

∂s
=

∇2
xxLk ∇xhk ∇xgA,k

∇xh⊤k 0 0
∇xg⊤A,k 0 0

 N :=
∂φ

∂p
=

∇2
xpLk

∇phk
∇pgA,k



Tangential predictor / Linear predictor

s∗(pk+1) ≈ ŝ∗(pk+1) = s∗(pk)−M−1N (pk+1 − pk)
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What does x∗(p) tell us about x∗(p +∆p)

Linear predictor

ŝ∗(pk+1) = s∗(pk)−M−1N (pk+1 − pk)

xi

Lρ(xi , pi )

x∗i (p)
pki

x∗i (p
k
i )

pki +∆p

Approximation error
From continuity and differentiability of the optimal solution vector
∃ Ls > 0 such that

∥ŝ∗(pk+1)− s∗(pk+1)∥ ≤ Ls∥pk+1 − pk∥2
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Path-following: Hot to keep track of s∗(p)?

pi pi +∆p

s
∗(pi +∆p)

s
∗(pi )−Hi∆p

ŝ(pi +∆p)

s
∗(pi )

s
∗(p)

s

p
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Predictor-Corrector steps
▶ KKT conditions Hk ∇xhk ∇xgA,k

∇xh⊤k 0 0
∇xg⊤A,k 0 0

 0
λ∗

µ∗
A

+

∇xΦ
h
gA

 = 0

▶ Linear Predictor Hk ∇xhk ∇xgA,k
∇xh⊤k 0 0
∇xg⊤A,k 0 0

 ∆x
∆λ
∆µA

+

∇2
xpLk

∇phk
∇pgA,k

∆p = 0

▶ Sum ⇒ Predictor-Corrector Hk ∇xhk ∇xgA,k
∇xh⊤k 0 0
∇xg⊤A,k 0 0

 ∆x
λ∗ +∆λ
µ∗
A +∆µA

+
∇2

xpLk

∇phk
∇pgA,k

∆p+

∇xΦ
h
gA

 = 0

▶ Set ∆p = 0 ⇒ Pure Corrector Hk ∇xhk ∇xgA,k
∇xh⊤k 0 0
∇xg⊤A,k 0 0

 ∆x
λ∗ +∆λ
µ∗
A +∆µA

+

∇xΦ
h
gA

 = 0
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Parametric NLP Example

Solve NLP at p = 1.5
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Parametric NLP Example

Approximate solution at p = 1.643
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Parametric NLP Example

Approximate solution at p = 2
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Active constraint set gA changes!
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Parametric NLP Example

Changes in the active constraint set gA introduces non-smooth kinks in
the solution manifold!
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<latexit sha1_base64="0sdFwrFnLgsXiTzYTvaa60AAE24="></latexit>

hA = {h1}
<latexit sha1_base64="0sdFwrFnLgsXiTzYTvaa60AAE24="></latexit>

hA = {h1}
<latexit sha1_base64="4N+jEUsGaqw9dh1SNSOqfm6pDgA="></latexit>

hA = ;
<latexit sha1_base64="4N+jEUsGaqw9dh1SNSOqfm6pDgA="></latexit>

hA = ;
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Non-smooth linear predictor

 Hk ∇xhk ∇xgA,k
∇xh⊤k 0 0
∇xg⊤A,k 0 0

 ∆x
λ∗ +∆λ
µ∗
A +∆µA

+

∇2
xpLk

∇phk
∇pgA,k

∆p +

∇xΦ
h
gA

 = 0

is the directional derivative of the following QP

min
∆x

1
2
∆x⊤Hk∆x +∆p⊤∇xpLk∆x +∇xf

⊤
k ∆x

s.t. ∇xg⊤k ∆x +∇pg⊤k ∆p + gk = 0 | λQP

∇xh⊤k ∆x +∇ph⊤k ∆p + hk ≤ 0 | µQP

with λQP = λ∗ +∆λ and µQP = µ∗ +∆µ.
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Non-smooth linear predictor

QP Predictor

min
∆x

1
2
∆x⊤Hk∆x +∆p⊤∇xpLk∆x

s.t. ∇xg⊤k ∆x +∇pg⊤k ∆p + gk = 0

∇xh⊤k ∆x +∇ph⊤k ∆p + hk ≤ 0

SQP Corrector

min
∆x

1
2
∆x⊤Hk∆x +∇xf

⊤
k ∆x

s.t. ∇xg⊤k ∆x + gk = 0

∇xh⊤k ∆x + hk ≤ 0
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Non-smooth linear predictor

Figure Source: Diehl and Gros, Numerical Optimal Control
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Predictor corrector methods for path-following

QP Predictor

min
∆x

1
2
∆x⊤Hk∆x +∆p⊤∇xpLk∆x

s.t. ∇xg⊤k ∆x +∇pg⊤k ∆p + gk = 0

∇xh⊤k ∆x +∇ph⊤k ∆p + hk ≤ 0

SQP Corrector

min
∆x

1
2
∆x⊤Hk∆x +∇xf

⊤
k ∆x

s.t. ∇xg⊤k ∆x + gk = 0

∇xh⊤k ∆x + hk ≤ 0

Predictor-Corrector path following
Solution s∗(p0) known at p0, together with H, hk ,∇hk , . . . .

For k = 0, 1, 2, . . .
1. Solve predictor with ∆p = pk+1 − pk

2. Correct solution until KKT fulfilled
3. Re-evaluate H, hk ,∇hk , . . . at new solution, and go to 1.
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<latexit sha1_base64="N+oAJ71+6PgalqorL+ftNAYcx6U="></latexit>

Optimal solution manifold for an NLP

<latexit sha1_base64="3PUhxi/ruiXkYVxMYeHjungdsQQ="></latexit>

3. Path-following: How to keep track of s⇤(p)?



<latexit sha1_base64="GEgSfBtAwVHs/xDEGAvQpdRIGU4="></latexit>

Solve NLP at p = 0
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Tangential predictor
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3. Path-following: How to keep track of s⇤(p)?
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Enforce KKT conditions using additional corrector steps until krL⇢,i (x̃
k+1
i , pk+1
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Predictor corrector methods for path-following

QP Predictor

min
∆x

1
2
∆x⊤Hk∆x +∆p⊤∇xpLk∆x

s.t. ∇xg⊤k ∆x +∇pg⊤k ∆p + gk = 0

∇xh⊤k ∆x +∇ph⊤k ∆p + hk ≤ 0

SQP Corrector

min
∆x

1
2
∆x⊤Hk∆x +∇xf

⊤
k ∆x

s.t. ∇xg⊤k ∆x + gk = 0

∇xh⊤k ∆x + hk ≤ 0
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