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Sensitivites of implicit functions

» Consider a function given by
X2 +y?=1
» Here y is not given as an

explicit function of x

» But for certain values of x,
there exists corresponding
values of y

> Express this as F(x,y(x)) =0

How does y change, when x changes?
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Sensitivites of implicit functions

Implicit Function Theorem

OF  OFdy

ox Ty on "

d
a(x2+y2—1):0
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Implicit Function Theorem

For a function F(x, y(x)),
» if there is a solution to F(x,y) = 0 around some point (xo, o)
> if 355 # 0 at (x0,0)

then there exists a unique differentiable function y(x) near xg such that
F(x,y(x)) =0.

Applying the chain rule to differentiate F(x, y(x)) = 0 with respect to x:

_OF OFdy _

“ox Tayox

< Flxy(x)
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Parametric NLP
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Parametric NLP
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Parametric NLP

p = 1.4286
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Parametric NLP
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Parametric NLP
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Parametric NLP
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Parametric NLP

Consider the parametric NLP problem, where we want to solve the
problem for a given “exogenous”’ parameter p € R™

min f(x, p)
s.t. h(x,p) =0
g(x,p) <0
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Parametric NLP

Consider the parametric NLP problem, where we want to solve the
problem for a given “exogenous”’ parameter p € R™

min f(x, p)
s.t. h(x,p) =0
g(x,p) <0

Solution x* is an implicit function of parameters p, i.e.,
x*(p) : R™ — R,
We would like to know...

» Is x*(p) continuous and differentiable?

» What does x*(p) tell us about x*(p + Ap)
» How to keep track of x*(p) for continuously changing p?
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Parametric NLP - KKT conditions

L(x, A, g, p) = F(x,p) + ATh(x, p) + p'g(x, p)

» The KKT conditions can be expressed as:

v£(X’ A? l’l" p)
h(x,p) =0
gA(X7 p)

pa > Onug& = ng&(xa p) <0

©(s(p),p) :==

» Primal-dual solution vector s*(p) := [x*, \*, u*]T.
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Is x*(p) continuous and differentiable?

Assume
LICQ, SOSC, and strict complementarity

[/p (Xiv P )
A

\J

Xi
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Is x*(p) continuous and differentiable?

Assume
LICQ, SOSC, and strict complementarity

Ly(xip) pk+ Ap
A

\J

Xi
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Is x*(p) continuous and differentiable?

Assume
LICQ, SOSC, and strict complementarity

Ly(xip) pk+ Ap
A

»

Xi

3 a continuous and differentiable solution manifold s*(p) that is an implicit
function of p .

Fiacco, Math. Prog. (1976)
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What does x*(p) tell us about x*(p + Ap)

Ly(xip) pK+ Ap

A
pk

\J

Xj
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What does x*(p) tell us about x*(p + Ap)

Ly(xip) pk+ Ap

A
pk

\J

Xj

N . os*
s (P =s"(p") + 5@“1 —-p)+0|Ap|P?
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What does x*(p) tell us about x*(p + Ap)

Computing sensitives

Implicit function theorem on the KKT conditions: ¢(s(p), p)

Op Op 0s* Oy
%(S(P)ap) = s op % =0
PPt S~ —~—
=M =N
os* B 1
op MTN

s (P =" (p") + p (Pt =P+ 0llap)?
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What does x*(p) tell us about x*(p + Ap)

0 Oy Os* 0
Selse)p)| =50 S =0
p p=pk S P \f,
=M =N
VE(Xa )‘a /1/7 p)
¢(s(p),p) = h(x,p) =0
gA(X7 p)
foﬁk vxhk vng,k v>2<p£‘k
M= ({;ﬁ = Vxhz 0 0 N = g£ = Vphk
> vxg,—;&k 0 0 P VpgA,k

Tangential predictor / Linear predictor

S*(pk+1) ~ §*(pk+1) _ S*(pk)iMfl./\f(karl _ pk)
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What does x*(p) tell us about x*(p + Ap)

Linear predictor

§ (") = s (pF) - M TN (pFT — p¥)

Ly(xip) P+ Ap
A

Approximation error

From continuity and differentiability of the optimal solution vector
3 Ls > 0 such that

18°(p ) = s* (P )| < Lsflp" — P2
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Path-following: Hot to keep track of s*(p)?
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Predictor-Corrector steps
» KKT conditions

He  Vihe Vigax| [0 Vi
Vo0 0 M|+ h | =0
ngg,k 0 0 M gA
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Predictor-Corrector steps
» KKT conditions

He  Vihe Vigax| [0 Vi
Vxh;{r 0 0 M|+ h =0
ng;{,k 0 0 iy gA
» Linear Predictor
Hi Vihe Viga Ax Vgp/:k
Vxh;r 0 0 AN | + | Vohe | Ap=0
Vigix O 0 Dpua Vogak
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Predictor-Corrector steps
» KKT conditions

He  Vihe Vigax| [0
Vih! 0 0 A*
ngg,k 0 0 :u:&
» Linear Predictor
He  Vihe Vigai| [ Ax ]
Vih! 0 0 AN | +
vxgg,k 0 0 Apy |
» Sum = Predictor-Corrector
He  Vihe Viga Ax
Vih! 0 0 A4+ AN |+
Vigii O 0 1w+ Dpug |

VO]
h
gA

+

pr/:k
Vohi
Voga,k

Vi Lk
Vohi
Voga,k

=0

Ap=20

Ap+

Vi
h

ga

]—o
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Predictor-Corrector steps
» KKT conditions

He  Vihe Vigax| [0 Vid
Vih! 0 0 M+ h | =0
Vigix O 0 K ga
» Linear Predictor
Hi Vihe Viga Ax | Vgp/:k
Vih! 0 0 AN | + | Vpohe | Ap=0
Vigix O 0 Apa] [ Vegak
» Sum = Predictor-Corrector
Hi Vhg ngA,k Ax Vipﬁk AV
Vih! 0 0 A+ AN |+ Vphe | Ap+| h | =0
Vigix 0 0 pa+Bpal  [Vegak ga
» Set Ap = 0 = Pure Corrector
Hy Vihg  Vigak Ax Vi
Vihg 0 0 NM4+AA |+ | h | =0
Vigix O 0 15 + Dpa ga
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Parametric NLP Example

Solve NLP at p =1.5
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Parametric NLP Example

Approximate solution at p = 1.643
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Parametric NLP Example

Approximate solution at p =2
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Active constraint set gy changes!
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Parametric NLP Example

Changes in the active constraint set g, introduces non-smooth kinks in
the solution manifold!
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Non-smooth linear predictor

H, Vxhk ngA,k Ax Vipﬁk Vi
Vo0 0 NAAXN |+ | Vohe [Ap+ | h | =0
nggk 0 0 i+ Apa Voga, k gA

is the directional derivative of the following QP

1
min = Ax" HgAx + Ap ' Vi Ly Ax + Vi f, | Ax

Ax 2
st. Vigi Ax+Vegl Ap+gr=0 | Agp

VXhZAX + VphZAp +he <0 | nopr

with Agp = A* + AN and pop = p* + Ap.
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Non-smooth linear predictor

QP Predictor

1
rr&in EAXT H, Ax + ApTVXkaAx

st Vgl Ax+ VngAp +gxk=0
Vihi Ax+ Vhi Ap+h, <0

SQP Corrector

1
min 5AXTHkAx + V! Ax

s.t. ngkTAx +gx=0
Vih) Ax+he <0
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Non-smooth linear predictor
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Figure Source: Diehl and Gros, Numerical Optimal Control
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Predictor corrector methods for path-following

QP Predictor SQP Corrector
1 1
min EAXT HiAx + Ap T Vo Lk Ax min EAXTH;(AX + Vif| Ax
st Vigl Ax+ VngAp +gx=0 st. Vgl Ax+gi=0
Vih! Ax+ VYV h! Ap +hy <0 Vihi Ax+hy <0

Predictor-Corrector path following

Solution s*(p°) known at p°, together with H, hy, Vhy,....
For k=10,1,2,...
1. Solve predictor with Ap = p¥*t —p
2. Correct solution until KKT fulfilled
3. Re-evaluate H, hy, Vhy, ... at new solution, and go to 1.

k
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3. Path-following: How to keep track of s*(p)?

Optimal solution manifold for an NLP
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3. Path-following: How to keep track of s*(p)?

Solve NLP at p =0
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3. Path-following: How to keep track of s*(p)?

Tangential predictor
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3. Path-following: How to keep track of s*(p)?

Enforce KKT conditions using additional corrector steps until [|[ VL, (%", pft1)|| < D
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3. Path-following: How to keep track of s*(p)?
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3. Path-following: How to keep track of s*(p)?

Tangential predictor
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3. Path-following: How to keep track of s*(p)?
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Predictor corrector methods for path-following

QP Predictor

1
rr&in EAXT H, Ax + ApTVXkaAx

st Vgl Ax+ VngAp +gx=0
Vihi Ax+ Vhi Ap+h, <0

SQP Corrector

1
min 5AXTHkAx + V! Ax

s.t. ngkTAx +gk=0
Vih) Ax+he <0
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