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Unconstrained optimization

Consider the unconstrained optimization problem

min f(x)

X

Local Optimum

A point x* is a local optimum if it yields the lowest cost of its feasible

neighborhood.
f(x*) < f(x),¥x € Ns(x*)NF

i.e., cost does not improve along any direction d,

F(x*) < F(x* + d)
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Unconstrained Optimization

Consider the unconstrained optimization problem
min f(x)

X

» 1st Order Taylor series expansion about x*:

JORRCORDY ) (x; — xt) + O([[x — x*]|)

» Vector notation:

f(x) = f(x*) + VF(x*)Td + O(||d||)
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Necessary Condition for a Local Minimum

» Change in f:
SF(x*) = f(x) — f(x*) = VF(x*)Td + O(||d||)

» If x* is a local minimizer of f, then §f(x*) > 0 for all d € R":

—  Vf(x*)=0

> If VF(x*) =0, then x* is a stationary point of f.

Is this condition sufficient for local optimality?
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Stationary Points of a Univariate Function

» Univariate function: £=0

e T . T
/ f / _ /
S 4

> VFi(x*) =0 not sufficient!

— Curvature information required!
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Interior Minimum - Unconstrained

» Minimization problem:

min f(x)

X

» 2nd Order Taylor series expansion about x*:

(X, — X7 )+ Z Z ‘gj(jx (i = x")? 4 O([lx = x*[|?)

i=1j=

F(x) = F(x") + z

» Vector notation:

5F(x*) = F(x) — F(x*) = VF(x*)Td+1d " H(x*)d + O(||d|]?)
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Sufficient Conditions for a Local Minimum

» Change in f with curvature information:

SF(x*) = F(x) — F(x*) = VF(x*)Td + 3dT H(x*)d + O(||d|]?)
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Sufficient Conditions for a Local Minimum

» Change in f with curvature information:

SF(x*) = F(x) — F(x*) = VF(x*)Td + 3dT H(x*)d + O(||d|]?)

» x* is a local minimizer of f = 4f(x*)>0 for all d € R"
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Sufficient Conditions for a Local Minimum

» Change in f with curvature information:

SF(x*) = F(x) — F(x*) = VF(x*)Td + 3dT H(x*)d + O(||d|]?)

» x* is a local minimizer of f = 4f(x*)>0 for all d € R"
> 0f(x*)>0 for all d € R" = x* is a local minimizer of f
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Sufficient Conditions for a Local Minimum

» Change in f with curvature information:

SF(x*) = F(x) — F(x*) = VF(x*)Td + 3dT H(x*)d + O(||d|]?)

» x* is a local minimizer of f = 4f(x*)>0 for all d € R"
> 0f(x*)>0 for all d € R" = x* is a local minimizer of f

Vi(x*)=0 (necessary)
VF(x*) =0, d"H(x*)d>0 (sufficient)

i.e., if at the stationary point the Hessian H(x*) is positive definite,
then for sure we have a local minimum.

What about convex functions?
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Sufficient Conditions for a Local Minimum

» Change in f with curvature information:

SF(x*) = F(x) — F(x*) = VF(x*)Td + 3dT H(x*)d + O(||d|]?)

» x* is a local minimizer of f = 0f(x*)>0 for all d € R"
> 0f(x*)>0 for all d € R" = x* is a local minimizer of f

Vi(x*)=0 (necessary)
VF(x*) =0, d"H(x*)d>0 (sufficient)

i.e., if at the stationary point the Hessian H(x*) is positive definite,
then for sure we have a local minimum.

What about convex functions?
They have a PSD Hessian for any x in their domain, so that the
stationarity condition is already necessary and sufficient.
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Stationary Points of a Quadratic 2-D Function

» 2-D function: f(x) = x Hx
10 -1 0 1 0
i=fo 0] el S mefo 4]
positive definite negative definite indefinite

A
\ y PN -_~
c / v \ ‘ ):

minimum maximum saddle point
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Constrained Optima

» Minimization problem:

mxin f(x)
sit. g(x) <0
h(x) =0

» Necessary condition for x* to be a minimizer for f:

SF(x*) = VF(x*)Td+0(|d|) >0 V¥ derF

» d c F: feasible directions

— How to find d € F ?

0/48



Feasible directions

» d is a feasible direction for h(x) = 0 and g(x) < 0 in x* if
Vh(x*)"d =0, and Vg(x*)"d < 0, respectively

» Intuition: No admissible direction in the feasible region d € F, can
improve the cost locally.

» Therefore, conditions that guarantee that a point has no feasible
descent directions d, are necessary conditions for optimality
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Constrained Optima - Equality Constrained

» Conceptual idea: derive optimality conditions
by reformulating into unconstrained problem

> Let's first consider only equality constraints:

mxin f(x)

st. h(x)=0

» Lagrangian function:

mxin f(x) +ATh(x)

h(x*) =0

VF(x*) + Vh(x*)A = 0 (necessary conditions)

But what is a Lagrange multiplier? Why is this the necessary condition?

11/48



Reduced Gradient

» If x* € R" is a minimizer, thenV d € F C R":

h(x*) = 0 (feasibility)
SF(x*) = VF(x*)Td>0 (optimality)
Shi(x*) = Vhi(x*)'d=0 j=1,....m (admissibility)

— use 0h;(x*) = 0 to eliminate m < n variables from x
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Reduced Gradient

» Let p=n—m >0, take or € R? and §s € R™:

d— or p decision variables (free)
| s m (size of h)  state variables (dependent)
» Also:
= [2£ af af 14 rof T of T]
on? """ Brp’asl *t sy 9r 7 Os
(2, O Ok Ohiya o T Ok Ty
6r1 U0, 951" " Ospyd T Lor 0 Os
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Reduced Gradient

» Substitute in optimality conditions:

SFx*) = VFx*)Td = 6”5 + o7 ds > 0
Shi(x*) = Vhi(x*)Td = %’; or +3” §s=0

» Constraint equations in matrix form:

Sh=28"5r 4 9h 5

on on
oh _ : . : oh _
or — : . : 0s —
ohy ... Ohg
o, or,

Ohy

0s1

Ohy

j=1,...

Ohm

0s1
Ohm

Osm

,m
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Reduced Gradient

» Optimality and admissibility conditions:

SF(x*) = afT5r+6fT(ss>o
Sh(x*) = gﬂs g'; ds =10
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Reduced Gradient

» Optimality and admissibility conditions:

SF(x) = 2o 255> 0
Sh(x*) = %Té % ds =10

» Use bottom equation to eliminate Js:

T oonT
os=—[5] 5 or
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Reduced Gradient

» Optimality and admissibility conditions:

SF(x*) = acherrafT(ss»o
Sh(x*) = gﬂs +g*; 5s=0

» Use bottom equation to eliminate Js:

T oonT
os=—[5] 5 or

» Substitute in top expression:

of of oh oh
*) — R - R R >
5f(X ) { 8r (‘)S |:()S:| 6r 5r 0

reduced gradient
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Reduced Gradient

» If x* € R" is a minimizer, then Vér € RP:
h(x*) =0 (feasibility)

Of(x*) _ Oh(x*) [ah(x*)] “Lory _ 0

B B B B (optimality and admissibility)
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Reduced Gradient

» If x* € R" is a minimizer, then Vor € RP:
h(x*) =0 (feasibility)

Of(x*) _ Oh(x*) [ah(x*)] “Lory _ 0

B B B B (optimality and admissibility)

» To reformulate in terms of Vf(x*) and Vh;(x*), define:

* 71 *
A= — {%} % €R™ (Lagrange multipliers)
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Reduced Gradient - Necessary Conditions

* 71 *
» With A\ = — [%] %, we have:

Bf(x*) + 8h(x*)>\ -0
af(x ) 4 ah(x )\ —o0

» and x=[r",sT]" gives:

of ah
w T aA=0

» Now: if x* € R" is a minimizer, then:

h(x*

(x) = iy
VF(x*) + Vh(x*)A = 0 (necessary conditions)

» Intiution: Objective gradient balanced by the constraint gradient
VI(x*) = =Vh(x*)A
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Necessary Conditions - lllustration

Necessary conditions:
1. Feasible h(x*) =0
2. Objective gradient balanced by constraint gradient

VF(x*) = —Vh(x*)A

Vi f=0

X2

Xy —»

Also sufficient?
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Necessary Conditions - lllustration

T - T~ ~
—_— \\ \\
X2 ~. \))1 N X2
- RN
\\ \

X —»
Stationary points both minimizers and maximizers

— Not sufficient!
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A "Trick” - the Lagrangian Function

» Define the Lagrangian function L(x, \):
L(x,\) = f(x) + ATh(x)

» Necessary conditions (stationary points) with A* #0:

LA — 0 — | VF(x*) + Vh(x*)A* =0
8*)( *
L h(x*) =0

» Sufficient condition for x* to be a minimizer:
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A "Trick” - the Lagrangian Function

» Define the Lagrangian function L(x, \):
L(x,\) = f(x) + ATh(x)

» Necessary conditions (stationary points) with A* #0:

OEA) =0 — | VF(x*)+ Vh(x*)A* =0
R h(x*) =0

» Sufficient condition for x* to be a minimizer:

Hessian of Lagrange function with respect to x, L (x*, A*), is
positive definite on the subspace tangent to h(x) at x*
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Lagrangian Function for Inequality Constraints

» Define the Lagrangian function L(x, p1):

L(x, 1) = F() + " g(x)

» Only active inequality constraints contribute

» Necessary conditions (stationary points) with u* >0 :

VI(x*)+ Vg(x*)p* =0
g(x*) <0
g(x*)op* =0
pe =0

(
(
(
(

Lagrange gradient = 0)
feasibility)
complementary slackness)
dual feasibility)

» Sufficient condition for x* to be a minimizer:
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Lagrangian Function for Inequality Constraints

» Define the Lagrangian function L(x, p1):
L(x, 1) = F(x) + 1" g(x)
» Only active inequality constraints contribute

» Necessary conditions (stationary points) with u* >0 :

VI(x*)+ Vg(x*)u* =0 | (Lagrange gradient = 0)
g(x*) <0 (feasibility)
g(x*)our=0 (complementary slackness)
uw*>0 (dual feasibility)

» Sufficient condition for x* to be a minimizer:

Hessian of Lagrange function L (x*, u*) is positive definite
on the subspace tangent to the active inequality constraints
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Inequality Constraints - Illustration
Necessary conditions:

1. feasible 3. objective balanced by active constraints
2. w>0 4. complementary slackness

X2
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Inequality Constraints - Illustration

Sufficient condition:

Hessian of Lagrange function L, (x*, 1*) is positive definite
on the subspace tangent to the active inequality constraints

T __\\\\ T
-‘\\\ \\\
~
— -] N
X2 < N q\: X2
SR
\\ \\ \
Y \\ \
\7'777?\ Al \
- < N\ N AR
\\ AN Vo
- \ \‘ _‘;/k\ \
- \ \ \\ \ \ \
\ \ | .
X, —»

For case m = n (no tangent subspace), KKT condition is sufficient
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Intuition of the Lagrange multipliers

Physical interpretation

» Force exerted by the constraint

» 1 > 0 for inequality constraints implies that force acts only in one

direction
A>0 A<0
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Economic interpretation of Lagrange multipliers

v

Marginal improvement in the cost by relaxing the constraint by one
unit

VF(x*) + Vh(x*)A* =0
= A = —Vh(x*)"IVF(x*)

i.e., rate of change in optimal value w.r.t. changes in constraint
enforcement

the sensitivity of the objective value f(x*) w.r.t the constraints
Shadow price of the constraint

1 > 0 for inequality constraints implies that prices cannot be
negative
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Intuitions on KK'T point

Consider a ball moved down the hill...

Log2 2
min 2x7 + X5

X1,X2

st. —05x1 —xo+c=0

x2

Intuition: A tells us how hard the constraint is pushing or pulling the solution
against the slope of the cost.
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Intuitions on KK'T point

Consider a ball moved down the hill...

Log2 2
min 2x7 + X5

X1,X2

st. —05x1 —xo+c=0

]
R S - S e

PR

&
e

o

)

'

b
-

)

e

T
Intuition: A tells us how hard the constraint is pushing or pulling the solution
against the slope of the cost.
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Intuitions on KK'T point

Consider a ball moved down the hill...

Log2 2
min 2x7 + X5

X1,X2

st. —05x1 —xo+c=0

]
R S - S e

&

e

o

)

—

o bl
nl

-

)

e

'y

@

T
Intuition: A tells us how hard the constraint is pushing or pulling the solution
against the slope of the cost.
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Intuitions on KK'T point

Consider a Ball rolling down a hill...

min 2x3 + x3
X1,X2

st. —0.5x1 —x+¢c<0

' ' ' ' '
R S =
T A s n———

Intuition: A tells us how hard the solution is pushing against constraint.
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Intuitions on KK'T point

Consider a Ball rolling down a hill...

min 2x3 + x3
X1,X2

st. —0.5x1 —x+¢c<0

T2
B O O S S U R Sy c Y
— — :

zy
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Intuitions on KK'T point

For equality constraints, multipliers may have both signs, \; € R

For inequality constraints, multipliers must be non-negative i € R>g
» i =0, gi(x) > 0 = inactive constraint
» i >0, gi(x) = 0 = strictly active constraint
» u; =0, gi(x) =0 = weakly active constraint

Strict Complementarity: No weakly active constraint

Active constraint set

For a point x* € F, the index set i for which g;(x*) = 0 is called an
active set, denoted by A.
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Inequality Constraints - Example

Contours of f(x) = x3 + x with Linear Constraints
4 =

& Objective contours
35 Feasible region
—_— X -2 20
3 - 05%; +x2-1 20
B Xi + X - 43 20
min X12 + x22 &
X1,X2 2
st.2x1+x—22>0 215
05x1+x—1>0 d
05 ‘\ \ R
X]_+X2_4/3ZO . ‘\\“‘“
| ||
-0.5
A
-1 0 ; | 2 3 4

Is the KKT condition satisfied?
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Geometric description of Feasible directions

Tangent cone

The tangent cone to a feasible set F at a point x € F, denoted by
Tx(x), is a geometric description of the set of linearized feasible
directions.

Note: The definition of Tx(x) depends on the geometry of the feasible
set F.
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Geometric Optimality condition

Descent direction

Set of directions that improve the cost function
Dr ={d € R" | Vf(x)'d < 0}

Taylor series expansion around f(x): f(x+ d) = f(x) + Vf(x)"d

Geometric optimality condition

If x* is a local optimum, then

De(x*) N Tr(x*) = 0

i.e., the cost cannot improve along
any feasible direction
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Algebraic description of Feasible directions

Linearized feasible directions

Given a feasible point x and the active constraint set A(x), the set of
linearized feasible directions Dx(x) is

d"Vh(x) =0
Dr=qd| 7 &) _
d Vgui(x)=0
» Constraint qualifications are needed to ensure that geometric (7r)
and algebraic descriptions (Dx) are equivalent.
» These conditions ensure that Dz(x) constructed by linearlizing the
algebraic description of F captures the essential geometric features
of F in the vicinity of x, as respresented by Tx(x).

The most used constraint qualification is LICQ.
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Regularity

» A point x* € F is said to be regular if the gradient of the equality

constraints Vh(x*) and the active inequality constraints Vga (x*)
have full row rank.

rank ([VVgT(X:*))D — mp + card(A)

» Point x* € F is also then said to respect Linear Independence
Constraint Qualification (LICQ)

The first order necessary condition of optimality can only be formulated if
a constraint qualification is satisfied.

LICQ

Linear Independence Constraint Qualification (LICQ) holds at x* € F iff
Vg(x*) and Vhy(x*) are linearly independent.

» Consequence of violating LICQ: Inability to solve the system of
equations arising from the KKT conditions.
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Example 1: Failure of LICQ

mxin f(x) = (x1 — 1.35)° + (x2 — 0.6)°

s.t. gl(X) = X — (1 — X]_)3 < 0
1 77 gz(X) = —X2 § 0

o _ |20 —1.35)] _[-0.7
¢ V) = 203 —0.6)} {—1.2}
o [Ba-=x)] (o
ot Veai(x*) = 1 } = L}
~_ |0
. Vex(x) = —1}
Optimum x* = [1,0]7 VL =VF(x") +p1Vgi(x") + n2Vga(x")

-0.7
- |:/L1—,u,2—1.2:| #0

KKT condition not satisfied!
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Intuition of the Lagrange multipliers
Physical interpretation
» Force exerted by the constraint
» 1 > 0 for inequality constraints implies that force acts only in one

direction
A>0 A<0
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Intuition of the Lagrange multipliers
Physical interpretation
» Force exerted by the constraint
» 1 > 0 for inequality constraints implies that force acts only in one

direction
A>0 A<0

What happens if constraint qualifications do not hold?
» Forces undefined/non-unique (i.e. forces exerted by the constraints
cannot balance the slope of the cost function)
Vel # =VF(x')

35 /48



Example 2

min f(x) = x? + x2
X

st.hh(X)=x1+x—-1=0
gi1(x)=-x1 <0
&(x)=—x <0
Vf = [2X1,2X2]T [1 1]T

Vhy =[1,1]7,
Vgl = [ 1 O]T ng = [0,—1]T

NN

Optimum x* =

Does LICQ hold?

[0.5,0.5]"
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KKT conditions
If x* is a local minimizer of
mxin f(x)
sit. h(x) =0
g(x) <0

IN

and LICQ holds at x*,

For two vectors of the same size a,b € R", a o b denotes the Hadamard product
(i.e., element-wise product).
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KKT conditions

If x* is a local minimizer of

mxin f(x)

and LICQ holds at x*, then there exists a unique vector \* € R™ and
1* € R" such that

VI(x*) + Vh(x*)A* + Vg(x*)u* =0 (Stationarity condition)
h(x*) =0 (Primal feasibility)

g(x*) <0 (Primal feasibility)

p >0 (Dual feasibility)

p*og(x*)=0 (Complementary slackness)

For two vectors of the same size a,b € R", a o b denotes the Hadamard product

(i.e., element-wise product).
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KKT conditions

If x* is a local minimizer of

mxin f(x)

and LICQ holds at x*, then there exists a unique vector \* € R™ and
1* € R" such that

VI(x*) + Vh(x*)A* + Vg(x*)u* =0 (Stationarity condition)
h(x*) =0 (Primal feasibility)

g(x*) <0 (Primal feasibility)

p >0 (Dual feasibility)

p*og(x*)=0 (Complementary slackness)

and [x*, \*, u*]" is called a KKT point.

For two vectors of the same size a,b € R", a o b denotes the Hadamard product
(i.e., element-wise product).

37 /48



Convex problems

Slater Constraint Qualification (strictly feasible)

Ix st h(x)=0andg(x) <0

KKT conditions for convex problems

If f(x) and g(x) are convex, and h(x) is affine, satsfying the Slater's
condition, then the KKT conditions are necessary and sufficient for
optimality.
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Feasible Directions and the Critical Cone

» Linearized feasible directions at a feasible point x*:

Vh(x*)d =0, }

D]:(x*) = {d VgA(X*)d <0

» Critical cone at a KKT point (x*, A*, u*):

Vh(x*)d =0,
C(x*, X\, pu*):=¢deDr(x*) | Vga,(x*)d =0, pa, >0
Vng(X*)d =0, Hao = 0
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Second-Order Sufficient Condition (SOSC)

Let (x*, A\*, u*) satisfy the KKT conditions.
» The Second-Order Sufficient Condition (SOSC) holds if

dTV2 L(x*, N, u*)d >0 Vd e C(x*, \*, u*)\ {0}

» Under a suitable constraint qualification, SOSC implies that x* is a
strict local minimizer.
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nditions

Second order sufficient co




Second order sufficient conditions

Set of feasible directions

Fi={d | Vh(x)Td =0, Vgu(x*)Td <0}

SOSC holds!
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Duality

V* =min f(x) s.t. g(x) <0

X

The Lagrangian of this problem is

L(x, ) = F(x) + 1" g(x)

Define the dual objective function
q(p) = inf L(x, 1)

Dual problem

max q(p) st. p>0
o

= V= rl?gémxln L(x, 1)
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Duality

L£(x,p) = x2 + p(1 — x)
hold 1 = 0

L(z,\)
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Duality

L£(x,p) = x2 + p(1 — x)
hold 1 = 1

L(z,\)
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Duality

L(x, 1) = x* + p(1 — x)
hold y = 2

L(z,\)
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Duality

L(x, 1) = x* + p(1 — x)
hold yu = 3

L(z,\)
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Duality

L(x, 1) = x* + p(1 — x)
hold yu = 4

L(z,\)
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Duality

L£(x,p) = x2 + p(1 — x)
hold 11 = 5

L(z,\)
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Duality

L0 p) =2+ p(1 - x)
hold i between [0, 5]

L(z,\)
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Duality




Duality

-2

unconstrpined cost

T '
x
Xfeas

Proof: For any feasible x € Xp.s and A >0

f(x) > L(x,\)
Why? Because for any feasible x, g(x) <0 (-ve) and A > 0 (+ve)

V* =min f(x) st g(x)<0

L(x,\) = f(x) + AT g(x)

) Define the dual function

q(A) == il;l(f L(x,\)

q()) is always concave and has
the property

V* > q(N)
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Duality

5
V* =min f(x) st g(x)<0
4. unconstrpined cost x
AN L(x,A) = F(x) + ATg(x)
3
) ' Define the dual function
= /]
g ) q(A) == Il;l(f L(x,\)
0 q()) is always concave and has
the property
-1
q(\) ::illfﬁ(x,)\) v > q()‘)
2, 1 0 1 2 3
v ‘ -Xfeas -

Proof: For any feasible x € Xp.s and A >0
= ()2 LN 2 inf L0 ) = a())
XE Xfone

At the optimal x* € Xpus, F(x*) = V*, which proves our lower bound property
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Duality

5
V* =min f(x) st g(x)<0
4. unconstrpined cost x
N £(x,\) = f(x) + \Tg(x)
3
) | Define the dual function
=
g ) q(A) == |r)1(f L(x,\)
0 q(\) is always concave and has
the property
-1
~
q(\) ::illfﬁ(x,)\) v > q()‘)
2, - 0 1 2 3
v 'Yfeas -

Now that we have proven, that g()) is always lower than the optimal cost V*,
in order to get the best lower bound (i.e. get as close to V* as possible),
we need to maximize the dual function.

= max q(N\)
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Duality

5
V* =min f(x) st g(x)<0
4. unconstrpined cost x
f
. N £(x, ) = £(x) + A& ()
) ' Define the dual function
= 1
g ) q(A) = |2f L(x,\)
0 q()) is always concave and has
the property
-1 =
q(\) ::illfﬁ(x,)\) v > q()‘)
2, - 0 1 2 3
v ‘ Xfeas .
v* f(x)
= 1 o0




Duality

5 g(x) <0
V* =min f(x) st g(x)<0
4. unconstr x
L(x,A) = f(x) + AT g(x)
3
o, Define the dual function
=
g ; q(A) == ir)\(fﬁ(x, A)
0 q(\) is always concave and has
the property
1
a(\) 1= inf £(x, \) V* > q()\)
22 - 0 1 2 3
‘ Neas

Why infimum in g()\) = inf, £(x, A)?
For some very large X in the feasible region, £(x,A) — —oo. Infimum of £(x, \) denotes to a point
which is smaller than every other value £(x, \) can take for some very large A — co.
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Duality

The Lagrangian dual function is defined as
o _ T T
q(A ) = inf L(x, A ) = inf {F(x) + A Th(x) + 1" g(x)}

and is concave even when the optimization problem is not.

It gives a lower bound on the optimal value p* of the primal problem

q(A p) < V7= F(x)
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The Lagrange Dual Problem

What is the best lower bound we could get?

a7 /48



The Lagrange Dual Problem

What is the best lower bound we could get?
The one with the highest value.
The Lagrange dual problem is in fact defined as

max (A, 1) =: " (1)
W
s.t. u>0 (2)

What is a nice property of this problem?

a7 /a8



The Lagrange Dual Problem

What is the best lower bound we could get?
The one with the highest value.
The Lagrange dual problem is in fact defined as

max (A, 1) =: " (1)
W
s.t. u>0 (2)

What is a nice property of this problem?
Convex feasible domain and concave objective function to maximize...It is
a convex optimization problem!
We now know that

g < V7,
i.e., the dual problem provides lower bound to the primal problem: We
call it weak duality.
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Strong Duality

In some cases, strong duality holds, i.e., g* = V*.
Why is it useful?
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Strong Duality

In some cases, strong duality holds, i.e., g* = V*.
Why is it useful?
Can solve the dual problem (1) instead of the primal problem!

In general, strong duality does not hold. Yet, one special case where
strong duality always holds is when

» the optimization problem is convex and

» Slater’s condition holds
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