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Optimization in Engineering

Design Optimization Operational Optimization
Example: Choose which car to buy Example: Optimize driving
fe Og
=
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Design optimization

Find:
- . Minimize:
Subject to:
i |
head + h
I
! s
| — ] -—
shell )
r
!
I

dimensions

metal volume
constraints on:
Total volume (>)
Head thickness (>)
Shell thickness (>)
Shell length (< & >)
Outer radius (<)
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Example: airtank design

Find: x:[h7/’r’s]
- : Minimize:  27m(r 4+ s)?h + «[(r + 5)? — r?]/
Subject to:  wr?l >2.12-107 cm3

; 5>013
head . h 10ecm </ < 750 cm
i s r+s <150 cm
| — ] f—
shell : )
:—r> Physical relevance: x € X h,l,r,s >0
!
i
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Operational optimization

Static optimization

The model of the process is time independent

» Common in finance, economic optimization

» Recall farming example

Dynamic optimization

Model of the process is time dependent

» The typical case in cybernetics/control engineering

» The process is a mechanical system, chemical process,
electrical /energy system, ... often modelled using differential
equations.

Real-time optimization / Quasi-dynamic optimization

Repeatedly solve static optimization for dynamic systems
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Static Vs. Dynamic optimization

Static Optimization Dynamic Optimization

6/31



Quasi-dynamic Optimization / Real-time optimization

» The process is slowly time-varying, and assumed to be static for the
purposes of optimization

» We take care of the time-variation by re-solving regularly (or when
the process has changed sufficiently)

» Often called Real-time optimization (RTO) in the process industries
(typically involving non-linear optimization with economic objectives)
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Formulating control design as an optimization problem

» The fundamental idea in optimal control is to formulate the goal of
control as the long-term optimization of a scalar cost function.

» In the additive cost formulation, the long-term objective for a
trajectory can be written as

min Zﬁ(xk,uk)
k=0
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General dynamic optimization problem

mv\iln Zé(xk, ug)
k=0

S.t. Xk41 = f(Xk, Uk)
g(xk,ux) <0
xo = x(t)

Xo given, and
T T T T T
W= [Xg ,Ug , X1 5 Ug X5 5. ..

]T
Open-loop optimal policy
o {0,1,... . T—1} > U

» Time-indexed sequence of actions calculated offline

» Independent of the state x, i.e., no feedback
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Control policy

Given what | know about the system right now, what action should |
apply next to achieve my goal?

» A control policy u = m(x) is a formal mathematical object that
expresses this decision-making logic.

Control policy

A policy 7 : X — U is a mapping from the states x to the action u that
we would apply to the dynamic system.

» But not all policies are equally good.
» Finding the best policy is an optimization problem
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Finding the optimal policy

stage t Future stages

Decision-making: What do | need to take into account?

cost now 4+ future costs
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Finding the optimal policy

stage t Future stages

Decision-making: What do | need to take into account?

min,, (cost now + future costs)
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Finding the optimal policy

stage t Future stages

Decision-making: What do | need to take into account?

min,, (cost now + future costs)

Optimal cost function

N—-1
J* = in l.(x:, Y , /
(xt) ukengll:zm) ¢(xe, ue) + k:ZtH k(Xk, uk) + In(xn)

Optimal policy
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Principle of optimality

X Tail subproblem

oY

® & ! ! ! ! !
'0 T T T T Vk T T T T T

{ug, ... up, . uy}

> Let {ug,...up_;} denote the optimal control sequence, with the
corresponding optimal state sequence, {x{,...xx}.

» Consider the tail subproblem at time k, starting at x;, and
minimizes over {u,...uy_1}, the “cost-to-go” from k to N

N—-1

Cr(xg, uk) + Z ém(va um) + KN(XN)
m=k+1

» Then the tail optimal control sequence{u},...uy_;} is optimal for
the tail subproblem.

Every optimal policy consists only of optimal sub policies.
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Optimizing Multistage functions

Because of the special stricture, we can solve by optimizing a sequence of
singe-variable problems

min [f(w,x) + min [g(x7 y) 4 minh(y, Z)H

we solve the inner problem over z first. The optimal solution will be a
function of y.

h*(y) = min h(y, z)
and move on to the next stage
g (x) = ming(x,y) + (y)

and so on,
min = f(w, x) + g*(x)

This nested approach is an example of a class of techniques known as
Dynamic Programming (DP).
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Exact Dynamic Programming (DP)

Idea of Exact DP - Make optimal decision in stages
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Idea of Exact DP - Make optimal decision in stages
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Exact Dynamic Programming (DP)

Idea of Exact DP - Make optimal decision in stages

® l 1 1 1 1 1 1 l l 1 ®
0 N-3 N-2
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Exact Dynamic Programming (DP)

Idea of Exact DP - Make optimal decision in stages

® l 1 1 1 1 1 l l l 1 ®
0 N—-4 N-3
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Exact Dynamic Programming (DP)

Idea of Exact DP - Make optimal decision in stages

® l 1 1 1 1 l l 1 l 1 ®
0 N—-5 N—-4
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Exact Dynamic Programming (DP)

Idea of Exact DP - Make optimal decision in stages

® 1 l l l l l l l 1 l ?
0

DP recursion - Produces the optimal costs J; (xx) of the x-tail subproblems

Start with
In(xw) = En(xw), for all xy

and forall k=N-1,N—-2,...,0

Ji0w) = min Le(xe, uk) 4+ Jipa (F (e, k), for all xy
UkEUk(Xk)h/—/ —_——
cost now cost-to-go

Then the optimal cost Jy(xo) is obtained at the last step
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Exact DP algorithm

Go backwards to compute the optimal costs J; (x«)

Start with
In(xw) = En(xn), for all xy

and forall k=N-1,N—-2,...,0

i) = min Lol uk) + Jia (F(xk, uk)), for all xy
ukEUk(xk)w_/ N————
cost now opt. cost-to-go

Then the optimal cost J*(xo) is obtained at the last step

Go forwards to construct the optimal sequence {ug,...uy_1}

Given xp, start with

up €arg  min [lo(x0, o) + Ji (fo(x0, w0))], X1 = fo(xo, tig)-
up € Uo (x0)

Going forward sequentially k =1,2,..., N — 1, we get

U: € arg min [Kk(xlj?uk)+J:+l(ﬁ<(X;7uk))]7 XZ{l - f}((X;UZ)
u € Uk (xk)
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Exact DP - lllustrative Example

» Consider a system
Xk1 = X + Uk

with x, € R and ux € R
» OCP:

N—-1

min Z(X,f +ud) + X3
k=0

with N =3

16 /31



Exact DP - lllustrative Example
» Consider a system xx11 = xk + ux with xx € R, ux € R

» OCP: min ")V (x2 + u}) + X%, with N =3

JZ (Xk) = minuké(xk, Uk) + J:+1(Xk+1)

at stage k = 2, begin with J(3) = x3

Jo(x2) = X3+ U5 + X3
=3 + 83+ (xe + u2)?
Vi J2(x2) = 2u2 +2(x2 + t2) =0

= u; = —0.5x, J5(x2) = 1.5x3
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Exact DP - lllustrative Example
» Consider a system xx11 = xk + ux with xx € R, ux € R

» OCP: min ")V (x2 + u}) + X%, with N =3

JZ (Xk) = minuké(xk, Uk) + J:+1(Xk+1)

at stage k =2 = 13 = —0.5xs, J5(x2) = 1.5x3

at stage k =1

h(x)=xF +ui+ () = xf +ui +1.5%
=x{ + Ui 4+ 1.5(x1 + n)?
Vi h(x1) =201+ 31+ 1) =0
= uj = —3/5xi, Ji(x1) = 8/5x7
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Exact DP - lllustrative Example

» Consider a system xx11 = xk + ux with xx € R, ux € R
» OCP: min ")V (x2 + u}) + X%, with N =3

JZ (Xk) = minuké(xk, Uk) + J:+1(Xk+1)

at stage k =2 = 13 = —0.5xs, J5(x2) = 1.5x3
at stage k =1 = u; = —3/5x, Ji(x1) = 8/5x3

at stage k =0

Jo(xo) = 2+ g+ Ji(x) = 2+ g+ 8/5)(12

= x5 + uj + 8/5(x0 + uo)?
VUOJo(Xo) =2up + 16/5(X0 + UO) =0

= uy = —8/13xo, J5(x0) = 21/26x5
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Exact DP - lllustrative Example

» Consider a system xx11 = xk + ux with xx € R, ux € R
» OCP: min ")V (x2 + u}) + X%, with N =3

J: (Xk) = minuké(xk, Uk) + J:+1(Xk+1)

at stage k =2 = 13 = —0.5xs, J5(x2) = 1.5x3
at stage k =1 = u; = —3/5x, Ji(x1) = 8/5x3

at stage k = 0 = u{ = —8/13xo, L (x0) = 21/26x3

Go backward to compute the optimal cost, go forward to construct the optimal
sequence
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Exact DP - curse of dimensionality
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Control policy

» LQR gives the linear policy u = —Kx that optimizes

oo

min ZXZ Qxx + u} Ruy
k=0

s.t. Xk11 = Axx + Buyg

» MPC policy is obtained by repeatedly solving an optimization
problem

» RL policy - learn what action to take at any given state based on
rewards from the environment
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Quadratic objective

Often quadratic functions are used to define the objective:
1. Because it is convenient, mathematically

» Smooth is good, both for analysis and numerical optimization
» Give linear gradients

2. Because it is natural; the effect is often desirable

» Tends to ignore small deviations
» Tends to punish large deviations

For a linear system: x,,1 = Axx + Buy, with quadratic cost, we have

oo
. T T
mmln Zxk @xx + uy Rug
k=0
s.t. Xk41 = Axx + Bug, k=0,1,...
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Sum of quadratic functions

Given two quadratic functions
Vi(u)=u"Ru, Vs(u)=(Bu—a)' P(Bu-a)
the sum V/(u) = V4 (u) + Va(u) is also quadratic with
V(u)=(u—-v)"Hu—v)+d
H:=R+B'PB

v:=H BT Pa
di=a"(P-P"BH 'BTP)a

Proof
Expand V/(u) and equate to V;(u) + Va(u)
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Optimizing Multistage functions

Becuase of the special strcture, we can solve by optimizing a sequence of
three singe-variable problem

min [f(w,x) + min [g(x7 y) 4 minh(y, Z)H

we solve the inner problem over z first. The optimal solution will be a
function of y.

h*(y) = min h(y, z)
and move on to the next stage
g (x) = ming(x,y) + (y)

and so on,
min = f(w, x) + g*(x)

This nested approach is an example of a class of techniques known as
Dynamic Programming (DP).
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Optimizing Multistage LQ functions

Given xg, find the control sequence uy

o0
E kaka + ukTRuk s.t. Xk11 = Axx + Bug
———  ——

TUEledly =l

Finite horizon Multistage LQ problem

N—-1

min Z (%[5 + [[ullZ) + [Ixnll7 st )k = Axx + Bug
k=0
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Dynamic programming solution

The problem to be solved at the last stage N —1

min |lxn—1l% + lun—1l[z + [xnll3, st xw = Axy—_1 + Buy_1
Un—1,Xn

min |xn-13 + lun-1l|Z + [|Axn—1 + Bun-1]|?,
UN—1,XN

=llxn-1 + lun—1 — VIl + d

H:=R+B'PB
vi=—H BT PrAxyn_1

di=xg_1 (AT PA—ATPT BH_IBTPfA> XN—1

Proof: Set Vi(u) = ||uy—1% and Va(u) = [|[Axy—_1 + Buy_1[|3, with a = —Axy_;
From this it is clear that, optimal input for uy_1 = v =— H *BT PfAxn_1
=Kn—1
with optimal cost = |xy—1||% + d

23/31



Dynamic Programming solution

From this it is clear that, optimal input for uy_1 = v =— H BT PfAxn_1
—_——
=Kn—1
with optimal cost = |xy—1||% + d

Summarizing

For the last stage, we have the following feedback law, and the corresponding
optimal cost

un—1(xn—1) = —Kn—1Xn-1

Vv-1(xw-1) = [lxv-a g+ d = [[xv-1ll7,_,

where Py_1 .= Q + ATPfA— ATPBH BT P;A

Cost-to-go

Vin—1(xn—1) denotes the cost-to go from state xy—1 to xn.
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Dynamic programming solution
The problem to be solved at the second last stage N — 2

min  [lxv—2)|% + luv—2l|& + [Ixn-1llp, , St xn—1 = Axn_2 + Bun_2
UN—2XN—1

min  [xv—2)|g + llun—2ll% + [|[Axn—2 + Bun—2?,_,
UN—2,XN—1

=luy—z2—vllF+d

H:=R+B"Py_1B, v:i=—H BT Py_1Axn_>
d=xp_» (AT Pyv_1A— A" Py_1BH BT PN_1A) XN_2

For the last stage, we have the following feedback law, and the corresponding
optimal cost

uv_2(xv_2) =v=—H 'BTPy_1Axn_> = —Kn_axn_2

Vv—2(xn—2) = HXN—2H%
where Py_> := Q + ATPy_1A— AT Py_1BH BT Py_1A
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Dynamic programming solution

Backward Riccati iteration

The recursion from Py_1 to Py_» is known as the backward Riccati iteration,
and can be generalized as:

Pio1:=Q+A PLA—A"PBH *B"PLA, k=N,N-1,...,0

with the terminal condition that Py = Pr

Backward DP recursion

The optimal control policy at each stage is given by

Uyx = _kak

where Ky = (R4 BT Piy1B) 'BT P 1A

Optimal infinite horizon problem

The optimal infinite horizon control policy ux = —Kxx is given
Ki=(R+B"PB) 'BTPA
P=Q+A"PA—A"PBH 'B"PA
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Example: Infinite horizon DP recursion

N=5
4.5
1.5+ il
1+ il
—P
05 Py =Py 7
Py
0 0 I I I
0 20 40 60 80

Horizon length N

100
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Example: Infinite horizon DP recursion

1.5

—

0.5

—P

Py

Py =Py

20

40 60
Horizon length N

100
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Example: Infinite horizon DP recursion
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Example: Infinite horizon DP recursion

15¢

—P
05 Py =Py
Py
0 1 I

0 20 40 60 80
Horizon length N

100
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Example: Infinite horizon DP recursion
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—P
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Example: Infinite horizon DP recursion

N =100

— Pll

0.5 Py =Py

PZZ

0 1 1 1 1
0 20 40 60 80 100

Horizon length N

Steady-state (Pyx+1 = Px) DP recursion is infinite horizon solution.
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LQR controller

The LQR control law
u=—Kx

and the LQR cost
VLQR = XTPX

for a discrete time system
Xk+1 = Axk + Bug

that optimizes the infinite horizon cost
Vigr = min ixz— Qxx + uIRuk
k=0
is given as the solution to the Discrete Algebraic Riccati Equation (DARE)
P=Q+A"PA-A"PBH 'B"PA
which gives the LQR gain

K=(R+B"PB) 'B"PA
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Example

s.t.xk+1 = 1.2xx + ug

20/31



Summary: Dynamic Programming and LQR

>

Optimization in control: design a policy to minimize long-term
cost for a dynamical system

min Xk, uk) st xkr1 = F(xk, k), Xo given.
L) Z ( +1 ( ), X0 8
Policies: open-loop plans (ux as a time sequence) vs. feedback
policies (ux = m(xk)).
Dynamic Programming (exact): principle of optimality =
backward recursion for cost-to-go

Ji(x) = min [ﬂk(x, u) + Ji 1 (f(x, u))], Ju(x) = Ln(x),

u€ Uk(x)

and a forward pass to generate the optimal trajectory.
Limitation: curse of dimensionality — exact DP scales
exponentially with state dimension.
LQR as a tractable DP case: linear dynamics + quadratic costs
= quadratic value function, optimal linear feedback u, = —Kjx,
and Riccati recursion / DARE for infinite horizon.
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Summary

Open loop policy Control Policy 7(x)

0.1} > SNy
min > £(xk, uy) k=N-1,N-2,..0
k=0
s.t xk1 = F(xk, k) Ji (i) = UkEkafg k)ek(xkv uk) + Ji i (F (e, i)
X e a— _/_/
g(xk uk) <0 cost now cost-to-go
xo = x(t)
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