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Recap

Unconstrained Optimization

Solve using an / min f(x)
iterative procedure

Xk+1 = Xk + Sk

Descent: f(xk41) < f(xk)

— T
Choose step length f(Xk+1) - f(xk) + Vf(xk) dx

Choose search direction \__—>must be <0 for descent

Gradient descent algorithm
1. Choose s, = —Vf(xx) Exact line search

« = arg min f(xk + as,
2. Choose step length a gminazo fx )

3. Update xkx1 = xk + a\

Sk Backtracking line search

sufficient decrease
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Example 3

f=x1+x +xe ™+ x22e_X1

Stationary conditions
I —Jpe e xZe =0

)
aiél—1—xe_X2—i—2x e =0
e 1 2 =

This is a system of nonlinear equations!
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Solving a system on nonlinear equations (Root finding)

Fw)=0

150

Newton Root finder
] for k=0,1,2,. ..
» Compute F(wy) and VF(wy)

» Compute Newton direction

VF(wi) T Aw = —F(wy)

\ » Full Newton step

Wit1 — Wi + Aw
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Newton method can be unstable!

F(w)=0
| Newton Root finder
02 1 for k=0,1,2,...
l 1 » Compute F(w) and VF(w)

» Compute Newton direction
VF(W)TAW = —F(w)
» Full Newton step

W w+ Aw
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Newton method can be unstable!

Fw)=0
] Newton Root finder
02f- 1 for k=0,1,2,...
l 1 » Compute F(w) and VF(w)

» Compute Newton direction
VF(W)TAW = —F(w)

» Newton step with backtracking

W < w + aAw
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Recap: Newton's method for unconstrained minimization

» Unconstrained problem

min f(x)

» Necessary optimality condition Vf(x) =0
» Solve using Newton method
F(w) = Vf(x), VF(w)=V3f(x)

Compute Newton direction
Sk = Xk41 — Xk = 7v2f(Xk)71Vf(Xk)

» Modified Newton method with line search
Xk+1 = Xk — on2f(xk)*1Vf(xk)
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Newton algorithm with line search

1. For k = 0: select xg, € >0

2. For k=0,1,2,...

> set sy = —H, 'V f(x«), where Hy := V£ (x«)
» Choose step size ax > 0 (line search)

P set Xki1 = Xk + QkSk

3. Stop if ||VF(xk+1)|| < e, else set k = k + 1 and repeat step 2
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Newton direction: Another intuition

Quadratic approximation

fer1 = fx + Vf(Xk)T(SX + %5XTH[(5X + O(HX — XkHZ)
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Newton direction

Quadratic approximation

fier = fic+ VF(xi) Tox+ 5% Hidx + O(lx = xi1?)

[ntuition:

If the function f is nearly quadratic, intuition suggests that x + s, with
sk == —H_ 'V f(xk)T should be a good estimate of the minimizer of f.
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Newton direction

Quadratic approximation
fpr = fie + VF(xx) T6x + 26xT Hiox + O([|x — x«[|?)
Gradient of quadratic approximation
Ve = VI(xk) + Hidx
This motivates to compute the search direction from
Vi(xk) + Hedx =0
which requires the solution of the set of linear equations

Hyox = =V f(x) (Newton equations)

Assuming Hy is invertible, the Newton search direction is

Sk = —HI:IVf(Xk)
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Newton direction

If the Hessian H is positive definite, a step sx in Newton direction
satisfies

§f = =Vi(xk)TH 'V F(xk) <0

(Modified) Newton method

Xktl = Xk — aHk_1Vf(xk)

Pure Newton method: o =1
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Newton algorithm

1. For k = 0: select xg, € >0

2. For k> 0:

> set s = —H 1 (x) VF(xk)

» Choose step size ax > 0 (line search)

P set Xki1 = Xk + QkSk

3. Stop if ||VF(xk+1)|| < e, else set k = k + 1 and repeat step 2
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Newton algorithm

Based on the quadratic approximation of f at x, %Vf(xk)THk_IVf(xk) is
an estimate of f(x) — f(x*).

1. For k = 0: select xg, € >0

2. For k> 0:

» set s, = 7H71(Xk)Vf(Xk)
Stop if 2V F(xk) H, 'V F(xi) < e

v

» Choose step size ax > 0 (line search)
> set Xk+1 = Xk + QkSk

Minor difference: Stopping criterion checked after computing search
direction, rather than after the update.
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Example

minx? + e~ 1%
X
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Newton direction - some potential issues!

» Newton's method will usually fail (because unstable) if the nearest
stationary point is not a minimum.

» Newton search direction is more efficient than steepest descent step
provided that Hessian Hj is positive definite.

» Away from the solution, the Hessian may not be positive definite,
and hence the Newton direction may not be a descent direction.
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Newton's method with Hessian modification

Compute the Newton search direction s, using a modified Hessian By

instead of Hj
Sk = —Bk_Ika

where By = H, + Ej.

» if H = 0, Ex = 0, otherwise choose Ej such that By is sufficiently
positive definite.

» Simplest approach: Add a multiple of the identy: Ex = uxl with uy
such that modified Hessian is positive definite

sk = —(Hi + ul) "tV
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Newton method

» exhibits rapid convergence, quadratic near x,

v

convergence insensitive to condition number

» scales well with problem size; only modest increase of required
number of iterations for increasing number of design variables

» is insensitive to the choice of algorithm parameters

» main disadvantage is the cost of forming and storing the Hessian,
and of cost computing the Newton step which requires solving a set
of linear equations

Boyd and Vandenberghe (2004)
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Example

minf = (1 — x1)? + (xo — x?)?

Newton direction with backtracking:

See code in blackboard: Newton_linessearch.m
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Unconstrained Optimization

Solve using an min f(x)
iterative procedure
Xk+1 = Xk + Sk ‘ Descent: f(xik41) < f(xk)

Choose step length

‘ f(xii1) = F(xe) + V()T x
Choose search direction \—must be <0 for descent
Gradient descent algorithm
1. Choose s, = —Vf(x) Exact line search‘ oo+ 25)
o = argmin Xk + as,
2. Choose step length « gMiNazo . ,

3. Update X1 = Xk + s Backtracking line search

sufficient decrease

Convergence can be slow!

Newton Search direction:

sk = —H 'V F(x) \'
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Quiz

When using exact Newton Method on the unconstrained optimization
problem

min 12><12 + 4x22 — 12x1% + 2x1

which of the following statements is true?

(A) Starting from x = [0,0] will result in a different x;, compared to
starting from x = [~1, —1]7, and x; # x*.

(B) Starting from x = [0,0]" will result in the same x;, compared to
starting from x = [~1, —1]7, and x; # x*.

(C) Starting from x = [0,0] " will result the same x;, compared to
starting from x = [~1, —1]7, which is also the minimizer x; = x*.

(D) Exact Newton method cannot be used for this problem, since
Hessian is not positive definite.
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Example

Consider the following unconstrained optimization problem:

min f = 12x2 + 4x3 — 12x1x0 + 2x1

X1,X2

a) Start from xJ = (—1,—1) and carry out a Newton line search (with

constant step length, a = 1).

b) Start from xJ = (0,0) and carry out a Newton line search (with
constant step length, a = 1).

c) Calculate the minimizer analytically.
Explain the result.
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Approximating the Hessian

» Second derivatives may not be easy to calculate

» Quasi-Newton methods:

Build up curvature information from observations of f, and Vf;

= Best general purpose methods for unconstrained
(and also constrained) gradient-based local search
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Quasi-Newton method

» Approximate Hessian by means of update formula:

I:/k+1 = He+ AH,
Bii1 = By + ABy (Bx = H 1)

» General update matrix:

AA = auu” + bwT

Rank one: b =20
Rank two: b=+ 0
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Quasi-Newton method

» Most widely used is rank-two BFGS update:

Hises] Ak vyl
Dskd T | Vi
s Hisk Y Sk

T T T

5 SkY 5 YkS SkS
Bisi = J1— 5Bl — kb 4 ek
ktl )’Z—Sk k y[sk ykTSk

with sp = Xgy1 — Xk , Yk = Vi1 — Vi

Hiyn = Hi—

» BFGS allows inexact line-search with
Armijo/Wolf/Goldstein sufficent decrease conditions

» Alternative DFP requires exact line-search
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Example: Hands-on Demo

Consider :
f=(17X1)2+(X2*X12)2 (1)

» Given initial design xo = (—1, —1), and initial guess of the Hessian

matrix I:IOA: I (identity matrix), calculate the BFGS Hessian
estimate H
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Large scale optimization techniques

If the cost of factoring the Hessian becomes prohibitive:

» solve Hysy = —Vf, using iterative linear algebra techniques
(preconditioned conjugate gradient or Lanczos) and terminate early
to compute approximation to sk. (inexact Newton)

If the cost of storing the Hessian becomes prohibitive:

» Use limited memory variants of quasi-Newton (L-BFGS).

Refer to Nocedal and Wright (2006) for further reading about large scale
numerical optimization.

26 /34



Unconstrained Optimization

mXin f(x)

Necessary condition of optimality: V,f(x*) =0
Analytical solution for

a few special cases

Vi(x)=0 Xk+1 = Xk + Sk

n unknowns & n equations Choose step length

Choose search direction

Sk . . . . .
® Line search methods: Choose direction first, then the step size.
Kk-+1 .
Xk S Xk \\
® Trust region methods: Choose step size first, then the step direction. [ |
v Xk - 7

27 /34



Recap: Newton method

Newton step is obtained by minimizing the second order approximation of
f around x
fpr = fie + VF(xx) T6x + 26xT Hidx + O([|x — x«[|?)

fx+1 is a good approximation when dx is in a small neighborhood (which
we can trust).
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Local exploration: trust region methods
Sk = arg m]iRn my(s) = fx + kaTs + %STHkS
seR”
st |s|| < A T
X2

> A ball (||s||2) of radius Ay is a
common trust region

Key ingredient: Strategy for choosing the trust region Aj
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Choosing the trust region

» Measure quality of approximation:

actual reduction
predicted reduction

Ik
fxk) — fxutsk)
mk(O) — mk(sk)

f(Xk) — f(Xk-i-Sk)
—(kaTSk-i-%SZ—Hksk)

» Update trust-region radius:

if 0.75 < r, <125 — increase A
A1 =1 if e <0.25 — decrease A
else — do not change A
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Example: Rosenbrock function

f=01- x1)2 + (x2 — X12)2
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Example: Rosenbrock function

f=01- x1)2 + (x2 — X12)2
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Inexact solution of the subproblem

» Solving the subproblem at x, to high precision may be expensive and
is often unnecessary

» Instead, one may compute an approximate step sy that lies within
the trust region, and gives “sufficient” reduction in the model.

f(Xk —+ Sk) < f(Xc)

quantified in terms of the so-called Cauchy point x¢ of the
subproblem at x.

» The Cauchy point is found by minimizing the quadratic model
approximation my in the steepest descent direction subject to the

trust region bound

» The Cauchy point can be cheaply calculated
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Finding the Cauchy Point

» Find vector s, that solves the linear approximation of the function,
subjct to trust region constraint

s, =argmin f, + Vs
seR"
s.t.||s|| < A
» Calculate a scalar 7, that minimizes
. T 1o, 7
Tk = argmin fx + 7V, sk + —7%si " Hisk
TER 2
S.t.HTSkH < Ay
» Calculate the Cauchy point as

Si = TkSk
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What did you learn?

Unconstrained Optimization

mXin f(x)

Necessary condition of optimality: V,f(x*) =0

Analytical solution for
a few special cases

V(x)=0 X1 = Xk + @Sy
n unknowns & n equations

Choose search direction

Sk . . . . .
® Line search methods: Choose direction first, then the step size.
Kk-+1 .
Xic " _ Xk+1 h \
® Trust region methods: Choose step size first, then the step direction. [ by
v Xk -

34/34



What did you learn?

Unconstrained Optimization

Solve using an min f(x)
iterative procedure
Xk+1 = Xk + Sk ‘ Descent: f(xit1) < F(x)

‘ f(xr1) = F(xe) + V() Tox
\__—+»must be < 0 for descent

Choose step length

Choose search direction

Gradient descent algorithm

1. Choose s, = —Vf(xx) Exact line search‘ .
a = argmin, X + as,
2. Choose step length o < 3 >0 k K
—

3. Update xx41 = Xk + s Backtracking line search

sufficient decrease

Convergence can be slow!

Newton Search direction:

sk = —H 'V F(x) \'

Rapid convergence, but requires computing/storing Hessian Hy

Use Quasi-Newton methods (e.g. BFGS)
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